Abstract-We introduce a new method for predicting characteristics of the synchronized state achieved by a wide class of uni-directional coupling schemes. Specifically, we derive a transfer function from the coupling model that provides estimates of the correlation between the drive and response waveforms, and of the time shift (i.e., lag or anticipation) of the synchronized state. To demonstrate the method, we apply it to an experimental system of coupled chaotic electronic circuits. Finally, we show that the transfer function can be exploited to design novel coupling schemes that significantly improve the correlation and increase the maximum achievable time shift.
Introduction
Coupled dynamical systems often display some form of synchronous behavior [1] . Recently, some varieties of synchronization have been identified where the two trajectories are nearly but not exactly identical [2] [3] [4] [5] [6] [7] [8] [9] . In these cases, either the coupling or a parameter mismatch produces a time-shifted synchronization state with some finite amplitude error. It remains an interesting open question whether natural systems utilize such mechanisms to produce time shifts. On the other hand, in engineered systems applications have been identified where such an easily varied time delay is desired. For example, in beam forming array antennas oscillators are coupled to produce a time shift across the array that steers the beam in a desired direction [3, 5, 6, 9] . Effectively, these systems trade some decrease in correlation between oscillators for a practical means of obtaining a tunable time shift. In such cases, it is desirable to have a theoretical estimate of just how different the two trajectories are.
In this paper we introduce a widely applicable procedure for estimating the correlation and time shift between drive and response oscillators, i.e., oscillators with unidirectional coupling. We illustrate the method with analytical and experimental examples. Importantly, we show how the transfer function can be used as a design tool exploiting the vast body of linear filter theory to design new couplings that significantly improve correlations and increase the range of achievable time shift.
A Transfer Function Model of Synchronization
We consider uni-directionally coupled systems of identical oscillators of the form
where x and y are the state vectors of the drive and response oscillator, respectively, f is the vector field defining the flow of the drive oscillator, and g is a linear coupling function. We assume g is of the form
where 0 g is a scalar linear function, 1 x and 1 y are the first components of x and y , respectively, and 1 F and 2 F are linear operators. The operators 1 F and 2 F do not usually appear explicitly in the literature but we introduce them here in order to precisely define the class of couplings with which we are concerned.
A simple and familiar example of a coupling of this type is linear difference coupling in which
where k is the coupling strength. In this case, 1 F and 2 F are simply identity operators. Linear difference coupling typically produces identical synchronization. Another example is delay coupling where
In this case, 2 F is a time translation operator. This coupling typically produces anticipating synchronization [10] . In both the cases, the phase space trajectories of the two oscillators (drive and response) are exactly identical (assuming no noise or mismatch). In the latter case, a time shift occurs that is exactly 0 τ . Thus no additional analysis is needed to characterize these properties of the synchronized state. (Note that we are assuming that the synchronized state is stable in some sense. Stability of synchronization is beyond the scope of this paper [1] .) In contrast, some recently introduced couplings produce synchronized states where the response oscillator only approximately follows the same path as the drive oscillator. Also, the time shift can vary with the parameters of the coupling. For example, let 
This coupling produces a form of synchronization that approximates lag (anticipating) synchronization for suitably small positive (negative) values of the tuning parameter λ [6, 7] . However, as the time shift is increased from zero (by increasing λ ), the amplitude of the response oscillator droops and the time shift eventually saturates. In cases such as this, it is desirable to have a theoretical understanding of the correlation between the drive and response trajectories and of the time shift that results from a chosen coupling scheme.
In couplings where the response trajectory approximates the drive trajectory, we recognize ( ) ()
where ε is small in some sense. The primary result of this paper is to show that we can neglect ε and arrive at a reasonable estimate of the correlation between the drive and response waveforms and the time shift of the synchronized state. Neglecting ε , the Fourier transform of Eq. (7) is a linear relationship between an input x % , and an output y % , where x % and y % are the Fourier transforms of x and y , respectively. Thus it is straight forward to derive a transfer function for this relationship. As a trivial yet illuminating example, we consider the coupling given by Eq. (5). In this case, 0 ε = and Eq. (7) becomes ( ) ( )
0. In this simple case, the transfer function describes the synchronized state exactly. This degree of accuracy is a consequence of the fact that 0 ε = in Eq. (7). In the next section, we examine an experimental system with a coupling for which ε is small but nonzero.
Experimental Example: Electronic Oscillators
We apply the transfer function approach to an experimental system of two coupled audio-frequency electronic oscillators. The oscillator is shown schematically in Fig. 1(a) and is implemented as described in a previous study [11] . The dynamics of this oscillator resembles the well-known Rössler system. The variable capacitance shown in Fig. 1(a) is implemented by Two nearly identical oscillators were built and unidirectionally coupled by the circuit shown in Fig. 1(c) . This circuit injects a current into the response oscillator proportional to the difference between Cx v , the voltage over the drive capacitor, and we therefore neglect it as long as λ is small [6, 7] . The
Fourier transform of Eq. (10) may be rearranged to obtain the transfer function ( ) ( ) ( )
. 1
To derive useful information from this function, we must insert some single frequency. Fortunately, the spectral 
suggests that the amplitude of the response oscillation will be attenuated relative to the drive. Second, the phase delay of the transfer function at 0 ω , divided by 0 ω , predicts the time shift of the synchronized state. In this case, To compare these theoretical estimates to experimental data, we measure the correlation function . This agreement is surprising since, under these conditions, the approximation that the trajectory of the response oscillator resembles a trajectory of the uncoupled system is presumably rather poor.
The predicted values of the time shift also agree well with the observed time shift 0 τ , as shown in Fig. 2(b) .
Most important, the estimates of the asymptotic levels of the time shift agree with the observations to within a few percent. Again, it is surprising that the agreement is so good at large values of λ .
The data in Fig. 2 demonstrates the effectiveness of the transfer function in estimating the quality and time shift of the synchronized state. Key to this approach was the observation of a single, dominant frequency component in the spectral content of the chaotic waveform. Such a component is often present in the frequency content of oscillations in physical systems that contain some type of microwave or optical cavity, or spring-mass system. In dynamics, chaos that arises from a cascade of period doubling bifurcations has such a dominant frequency near the frequency of the period-one orbit from which the period doubling sequence originated. Thus, we expect this approach can be applied to a large class of physically relevant chaotic oscillators. It also is important to note how few of the circuit parameters were required to determine the transfer function in this case. Only the values of two circuit components ( C Δ and k R ) and the observed peak frequency of the uncoupled oscillator were needed. Thus, this example suggests that this method of estimating synchronization properties is simple enough to be practical in a variety of experimental settings.
Designing Novel Couplings
The transfer function approach raises the possibility that the powerful tools of linear filter theory can be used to design new coupling schemes. We present an example here by considering the problem of beam steering introduced in ref. [6] . We consider a pair of Rössler oscillators with scalar coupling of the type described by Eq. (6) . In this case, ( ) 
where i y is the i th component of y , and 0.3 k = is the coupling strength. This coupling was originally introduced as a method for obtaining time shifted synchronization without utilizing a true time delay [6, 7] . However, as the lag or anticipation is increased from zero (by increasing λ ), the amplitude of the response oscillator droops and the lag or anticipation time saturates. These effects fundamentally limit the beam forming and steering performance of coupled oscillators. In applications involving a long chain of oscillators, this reduction of synchronization quality becomes particularly troublesome since the errors multiply down the chain. Thus we seek a new coupling scheme that reduces these limitations and allows for improved performance.
The desired coupling for this application will have minimal amplitude error and increased time shift range. In terms of a transfer function, these requirements are equivalent to a flat amplitude response and a large phase shift. From linear filter theory, a good candidate filter is a second order all-pass filter whose transfer function is ( )
The magnitude of this transfer function is unity and is independent of ω and λ . Also, the phase ( ) 
Results from numerical simulation, shown in Fig. 3 , confirm that this coupling performs as predicted by the transfer function in that the correlation is near unity and the achievable time shift is much larger than was achieved by the previous coupling scheme. The sum of derivatives appearing in this coupling is rather unusual and is unlikely to have been arrived at by a trial and error design approach.
Conclusion
In this paper, we described a new method for predicting the characteristics of a state of synchronization of two coupled oscillators. The method provides estimates of the correlation and time shift using a transfer function derived from a model of the coupling. We demonstrated the method by comparing its predictions to experimental data from electronic circuits. We showed how to use the transfer function to design a new coupling scheme with improved performance for beam steering and possibly other applications. 
